A computational study of three-dimensional instability of steady flows in a helical pipe of arbitrary curvature and torsion is carried out for the first time. The problem is formulated in 
Introduction
A helical pipe is widely used as an effective mixing tool (Vadhisth et al 2008) . The Dean vortices necessarily appear in the helical pipe flow driven by an applied pressure drop regardless the flow intensity. These vortices effectively mix either heat or mass without any need of additional mixing means. Contrarily to flows in straight ducts, circular or rectangular, no analytic solutions, similar to the Poiseuille profile, can be found for the helical pipe flow. Therefore, the numerical modeling is called for, even at low and moderate values of the Reynolds number. In this manuscript we focus mainly on examination of stability of calculated steady flows and computation of critical parameters at which the primary transition takes place.
For a long time, the helical pipe flow was considered as three-dimensional until Germano (1982) showed that a two-dimensional formulation is possible in a specially tailored system of curvilinear orthogonal coordinates. Since then, computations of this flow became affordable (see, e.g., Yamamoto et al 1994; Hüttl & Friedrich, 2000; Gelfgat et al 2003; Nobari & Malvandi, 2013; Totirean et al. 2016; and references therein) . However, to the best of the author's knowledge, no comparison between independent numerical results was ever reported. It seems also that no quantitative comparison between experimentally observed and computed steady flows was ever published. Such comparisons are mainly qualitative and compare experimentally visualized flow patterns with graphical representations of calculated flows (see, e.g., Yamamoto et al, 2002) . A not very successful comparison between measured and calculated turbulent flow was reported by Webster & Humphrey (1997) . Apparently, an accurate calculation of steady flow states is a necessary precondition for further stability studies. In the following, we address also this issue.
Experimental studies of onset of instability in a helical pipe flow start from works of White (1929) and Taylor (1929) . Later measurements of the instability threshold were carried out by Sreenivasan & Strykowski (1983) , and Webster & Humphrey (1993) . All these papers considered pipes with a rather small torsion. The measured critical Reynolds numbers reported in these works exhibited a considerable scatter for similar pipe curvatures. In recent experiments of Kühnen et al (2014 Kühnen et al ( , 2015 , the dimensionless curvature was varied between 0.03 and 0.08, and the torsion also was very small. The critical Reynolds numbers measured in this study are significantly smaller than those reported in the previous works, and are partially supported by the numerical results of Canton et al (2016) obtained for a toroidal pipe. The effect of a large torsion on flow stability was studied by Yamamoto et al (1995) , who reported destabilization of flow with increase of the torsion from the zero value, followed by a slight stabilization at larger torsions. Later Yamamoto et al (1998) studied the instability onset numerically for parameters of the latter experiment, but considering only two-dimensional perturbations. Only qualitative agreement between experimental and numerical critical Reynolds numbers was established.
Most of the numerical studies of stability of steady flows in helical pipes addressed either only two-dimensional disturbances (Yamamoto et al., 1998) , or only toroidal geometry (Webster & Humphrey, 1997; Di Piazza & Ciofalo, 2011; Canton et al, 2016) . These approaches are apparently incomplete. It should be noted that the toroidal pipe geometry is a mathematical limit corresponding to the helical pipe with a zero torsion. For a long time it was considered to be a purely mathematical model, but Kühnen et al (2014) showed that such geometry can be realized in experiment.
Fully three-dimensional time-dependent computations in a helical pipe (see, e.g., Hüttl & Friedrich, 2000) are quite rare and are better fitted for modelling of strongly supercritical flows with large oscillation amplitudes. These approaches may fail near stability limits. To calculate critical parameters, at which steady flow becomes unstable, mathematically rigorous approaches based on the analysis of the spectrum of the linearized equations are more pertinent. Thus, Canton et al (2016) studied linear stability of a flow in a toroidal pipe with respect to all possible infinitesimal three-dimensional perturbations and reported critical Reynolds numbers close to those reported in the experimental studies of Kühnen et al (2014 Kühnen et al ( , 2015 .
In this paper we focus on an accurate computation of steady flows in helical pipes and computing of critical parameters corresponding to the onset of their primary instability. The results are obtained using two different formulations of governing equations in Germano coordinates. For calculation of steady states and the linear stability studies, we apply the methodology of Gelfgat (2007) . The results obtained for each formulation are convergent and agree with each other. To validate computation of steady flows at moderate Reynolds numbers against independent computational and experimental data, we start from comparison with the numerical results of Yamamoto et al. (1994) . We report a successful comparison and add some more fully converged data that can be used for benchmarking. To establish agreement with the experimental measurements, we compare measured and calculated friction factors, and show that at moderate Reynolds numbers, the present result agree well with the experimental measurements of De Amicis (2014).
After the correctness of the calculated steady flows is established, we consider their linear stability with respect to all possible three-dimensional infinitesimal perturbations. The main difficulty in this task is calculation of leading eigenvalues of the linearized stability problem. We use parameters of Yamamoto et al. (1994) to study the convergence of the eigenvalues, and then the convergence of the critical parameters of the problem. The successful convergence and comparison exercises allow to confidently report the first numerical results on three-dimensional linear stability of steady flows in helical pipes with arbitrary curvature and torsion.
In the following, we successfully compare our stability results with the recent experiments of Kühnen et al (2014 Kühnen et al ( , 2015 , as well as with the recent numerical results for the toroidal pipe of Canton et al (2016) . However, our attempts to compare with the earlier experimental stability studies of White (1929 ), Taylor (1929 , Sreenivasan & Strykowski (1983) , and Webster & Humphrey (1993) , led to noticeably smaller computed critical Reynolds numbers than those reported in the experiments. All the above experiments and computations were carried out for pipes with small torsion. The critical Reynolds numbers calculated for the curvatures and torsions of these experimental setups appeared to be very close to the results of Kühnen et al (2014 Kühnen et al ( , 2015 , which, again, are noticeably smaller than those reported previously. We also compared our numerical results with the experimental results of Yamamoto (2005) obtained for helical pipes with large torsions. The critical Reynolds numbers computed for the curvatures and torsions corresponding to these experiments are either close to the experimental ones, or are below them.
Finally, we report a stability diagram calculated for a helical pipe with fixed curvature and varying torsion. We show that with the increase of torsion, the instability sets in due to different most unstable eigenmodes that represent distribution of amplitudes of oscillations developing in a supercritical regime. A complete parametric stability study for all relevant values of the curvature and the torsion would require not only many computational runs, but also abundant graphical material. This is beyond the scope of present study.
We conclude this paper by summarizing successful comparison exercises and some novel results, and discuss possible sources of disagreement between the measured and calculated critical parameters.
Coordinate system
To describe the system of orthogonal curvilinear coordinates introduced by Germano (1982) , we start from definitions related to the pipe centerline, which is a helical curve defined parametrically
where is the radius of the helix, and 2 is distance between coils (see Fig. 1 ). The curvature and the torsion of the helical curve are defined as
respectively. In the following we use also their ratio = ⁄ = ⁄ .
The most natural way to define the position of the point inside a helical pipe with circular cross-section was proposed by Wang (1981) . The point position is defined by its location with respect to the pipe centerline and by polar coordinates ( , ) inside a pipe cross-section orthogonal to the centerline (Fig. 1) . However, as shown by Wang (1981) and Germano (1982) , these coordinates appear to be non-orthogonal. This inconvenience was removed by Germano (1982) , who proposed to rotate the position of = 0 along with the pipe centerline as (assuming is a constant)
The resulting coordinate system ( , , ) is orthogonal. The Lamé coefficients of these coordinates are = 1, = , = 1 + ( ). Note that for the constant torsion
In the coordinates ( , , ) we can assume that the three fluid velocity components and the pressure are independent on the position at the pipe centerline, i.e., independent on , so that = 0 ⁄ . Thus, we arrive to a two-dimensional formulation for the velocity and the pressure dependent only on and .
Governing equations

General case in Germano coordinates
We consider a flow of incompressible fluid in a helical pipe of the inner radius , radius of the coil , and a constant distance between the coils equal to 2 . The pipe is sketched in Fig.   1 . The flow is created by a pressure gradient, which is constant along the pipe centreline
and is governed by the continuity and momentum equations. The flow is characterized by the three dimensionless parameters, which are dimensionless curvature = , torsion to curvature ratio , and the Reynolds number = 2 � ⁄ , where = 2 is the pipe diameter, is the kinematic viscosity, and � is the flow mean velocity. The Reynolds number sometimes is replaced by the Dean number = √ .
The above definition of the Reynolds (Dean) number requires mean velocity value, which is convenient for experimental studies. In a numerical study, the mean velocity can be found only after calculation of the flow. Since it is not known a priory, its use in the problem formulation causes certain inconvenience. Thus, to use this traditional formulation, a non-linear problem making dimensionless � equal to unity was solved in Canton et al. (2016) . To make an alternative and more convenient non-dimensionalization, we use the pressure gradient based scales introduced in Gelfgat et al. (2003) . Assuming that the pressure gradient is known, we define the scales of length, time, velocity and pressure as , ( ⁄ ) 1 2 ⁄ , ( ⁄ ) 1 2 ⁄ , and . The resulting system of the dimensionless continuity and momentum equations reads
where the dimensionless parameter = ( 3 2 ⁄ ) 1 2 ⁄ replaces the Reynolds number. The equations (6,7) are solved together with the no-slip condition
After the flow is computed, its dimensionless mean velocity � can be easily obtained.
Then the dimensional mean velocity is � = � ( ⁄ ) 1 2 ⁄ , and the resulting Reynolds number is calculated as
The friction factor is defined as ( is the pipe length)
For a "two-dimensional" flow independent on the coordinate , the continuity equation in the helical coordinates reads
It can be satisfied by introducing a function � as
This is not a "real" stream function since ≠ � � �. As is noted by several authors (e.g., Germano, 1982; Yamamoto et al 1994) , the quasi-two-dimensional flows are defined by two scalar functions ( , ) and � ( , ). To make the function � more meaningful physically, we modify it as = � ⁄ , which leads to
so that now
and function can be interpreted as the stream function of the field � , − , 0�. In the following, we call pseudo -streamfunction. Here the indices 1, 2 and 3 stay for , , and , respectively. Two other equations are obtained by cyclic permutations of the indices. These equations contain mixed second derivatives, which may cause certain inconvenience and loss of accuracy at the discretization stage. To avoid this, the mixed derivatives are eliminated using the continuity equation (10). The resulting set of momentum equations is detailed in the Appendix. In the following, applying eqs. (14) 
Flow in a torus: a particular case in cylindrical coordinates
To have a fully independent calculation for comparison purposes, we consider also a problem of flow in a toroidal pipe driven by a constant azimuthal pressure gradient = ⁄ (see also Gelfgat et al, 2003; Canton et al, 2016) . The problem geometry is sketched in Fig. 2 . The torus center is placed in the origin of the cylindrical coordinates (, , ) so that its center line lies in the plane = 0. The center of the torus cross-section is located at the distance from the origin.
Radius of the torus cross-section is . The border of the torus is defined by the line ( 
. Comparing with the formulation in the Germano coordinates we notice that
Thus,
Obviously, the velocity and time scales are also related by √ . As above, the average velocity based Reynolds number is
transformations of velocity compomemts from cylindrical to Germano coordinates and back are defined by
Numerical technique
The general problem formulated in the Germano coordinates was solved on staggered grids using central finite differences with linear interpolation between the nodes where necessary. The
Newton iteration was applied for calculation of steady flows. Application of the Newton method is identical to Gelfgat (2007) , and is based on the LU decomposition of the sparse Jacobian matrix with further analytic solution for the Newton corrections.
Consideration of the linear stability of calculated steady flows requires taking into account infinitesimally small disturbances that can be periodic along the pipe centerline direction . The perturbations were represented in the form
, where is the complex time increment, is the wavenumber along the centerline and infinitesimally small perturbation amplitude is denoted by tilde. The linearization procedure is standard, except of derivatives in the − direction, for which eq. (4) must be replaced, for the dimensionless variables, by
The linear stability problem reduces to the generalized eigenvalue problem
Here is the Jacobian matrix that defines r.h.s. of the linearized problem and is the diagonal matrix such that its diagonal elements corresponding to the time derivatives of � are equal to one, while the elements corresponding to p and the boundary conditions are zeros, so that = 0.
Thus, the generalized eigenproblem (21) The eigenproblem (21) is solved by the Arnoldi iteration in the shift-and-invert mode reduced to one backward and one forward substitutions. It should be noted that the Jacobian matrices for the Newton iteration and the stability analysis are different, since it contains the terms depending on the wavenumber that can also be complex. The Jacobian matrices were calculated directly form the numerical schemes. The corresponding parts of the code were verified by numerical differentiation of the equations' right hand sides.
To calculate the leading eigenvalue � it is necessary to choose the shift 0 close to � and to calculate 10-20 eigenvalues with the largest absolute value. In the following calculations, we fix Real( 0 )=0 and vary Im( 0 ) until the leading eigenvalue � is computed. Then we calculate the instability point with � = �0, ( �)� and vary Im( 0 ) further to ensure that there is no other eigenvalue with a larger real part. After that we vary the wavenumber to find at which = the instability takes places at the lowest = , . At this stage we apply the golden ratio algorithm. For a given pair of the geometrical governing parameters and , the result of the stability study is defined by the critical values , , , and the leading eigenvector. The critical Reynolds number then can be calculated as , = 2 � , , and the dimensionless critical frequency scaled by (2 ) � ⁄ is , = 4 , , ⁄ .
To gain an additional validation of the results, we consider a limiting case of zero torsion, which brings us to flow in a toroidal pipe considered by Catton et al (2016) . This case is considered in general Germano coordinates, as well as in the cylindrical coordinates, as described above. This allows us to compare our results obtained by the two independent approaches and compare them with the independent calculations of Canton et al (2016) . Unfortunately, it can be done only for the zero torsion. For calculation in the cylindrical coordinates, the momentum and continuity equations are discretized by the finite volume method. The toroidal boundary is treated by the immersed boundary method using the approach of Kim et al (2001) . Then the steady states and their stability are treated as in Gelfgat (2007) . In this case, the perturbation is assumed to be a circumferential Fourier mode ~( ). Since is integer, values of the wavenumber are discrete and are defined by = ⁄ . The critical and are found by screening several discrete values until a global minimum of , ( ) is obtained.
Results
Steady flows: comparison with experiment
To gain an initial validation of the formulation, the numerical approach and the code, we compare with the experimental results of De Amicis et al. (2014) . The computed and measured friction factors as functions of the Reynolds numbers are sown in Fig. 10 for four different helical pipes used in the experiments. It is seen that at Reynolds numbers lower than ≈3000, the calculations and the measurements coincide. At larger Reynolds numbers the results differ, which happen due to the laminar -turbulent transition, similarly to the straight pipes. At the same time, at ≤ 3000 the non-linear terms already become significantly large, which allows us to assume that our code reproduces laminar flows correctly.
Steady flows: convergence and comparison with an independent solution
For the convergence study and comparison with independent results we chose the work of Yamamoto et al (1994) , where ratios of mass fluxes in helical and straight pipes were reported for various curvatures and torsions. It can be easily seen that the mean velocity of the Poiseuille flow in a straight pipe is � = 8 ⁄ , so that the flux ratio is equal to � � ⁄ . The velocity in Yamamoto et al (1994) was rendered dimensionless using the viscous scale ⁄ , which resulted in the Dean number = 2 √2 . The two geometric parameters were = and = √2 ⁄ . The solution was computed on × = 35 × 60 collocation points.
Comparison with the results of Yamamoto et al (1994) is shown in Table 1 . We report results obtained using both formulations and uniform grids having 50 × 100 and 100 × 200 nodes. The
Richardson extrapolations based on these grids and made for both formulations coincide to within the third decimal place at least. Taking into account that the grid used in Yamamoto et al. (1994) was rather coarse, the agreement with this work is considered as good. To allow for a more detailed comparison, the maximal and minimal values of the pseudo -streamfunction and the friction factor also are reported in Table 2 , where we also observe an agreement to within the third decimal place for almost all reported values.
Additionally, we calculate the flow at = 0 in a torus of the same curvature = = 0.4.
The results are reported in Table 3 . These results verify those reported in Tables 1 and 2, but only for the zero torsion. The calculations in the cylindrical coordinates coincide with the previous ones to within the third decimal place starting from the 200 2 uniform grid. At the same time, a convergence within four first decimal places requires very fine grids of 400 2 and more nodes.
Most probably, this slow convergence results from the immersed boundary approach which reduces the order of the whole numerical scheme to the first order.
The calculated steady flows are shown in Figs. 3 and 4. In the limit of zero torsion, the helical pipe turns into a torus, and the Dean vortices are symmetric. The third -componen, of velocity, is advected by these vortices so that its maximum is shifted toward the outer side of the pipe. The Dean vortices symmetry is broken when the torsion is non-zero. With further growth of the torsion the two Dean vortices merge into a single one. Note that the meridional flow never vanishes since the non-zero pipe curvature always leads to a non-potential centrifugal force. An interesting observation is that with the increase of torsion, the meridional vortex monotonically intensifies, while the friction factor monotonically decreases (see Table 2 ).
Stability of steady flows: convergence studies
Study of stability of steady flows is usually more computationally demanding than computation of steady flow states. This is also the case for flows in helical pipes, which is illustrated in the computations described below. We start from Table 4 that reports a convergence study carried out for the leading eigenvalues computed for the parameters of Yamamoto et al. (1994) , and for the wavenumbers = 0 and 0.8 . The calculations were carried out for the uniform grids of 50×100, 100×200, 200×400, and 300×600 nodes in the and directions, respectively.
In the lower part of the table we report results obtained for the toroidal pipe ( = = 0) in the cylindrical coordinates for the azimuthal wavenumbers = 0 and 2, which correspond to the above values of . At = 1000, the Reynolds number is relatively small and varies from 167.5 at = 0 to 266.7 at = 2.5. At such low Reynolds numbers the flow is expected to be stable. Actually, all the eigenvalues reported in Table 4 have negative real parts, meaning stability of the flows. At the same time, in the case = 1.5 and = 0.8, the real part of the leading eigenvalue already approaches zero. This indicates on a possible flow destabilization at large torsions, which is discussed below. Examination of the results reported in Table 4 shows that there are values of and at which we observe a good convergence and almost full coincidence between results obtained using both formulations. It happens, for example, at = 0, at which the results of both formulations are almost identical and agree well with the results for the toroidal pipe. At the same time, there are cases, e.g., at = 1, = 0 and > 1, = 0.8, for which the convergence is noticeably slower. Nevertheless, we observe two decimal places converged.
Convergence of all critical parameters, the critical number , the critical Reynolds number , the critical oscillations frequency, and the critical wavenumber, is illustrated in Table 5 .
Again, we use the values of the curvature and torsion as in Yamamoto (1994) . The lower part of the table shows convergence for the toroidal pipe, = = 0, calculated in the cylindrical coordinates. At the zero torsion, the convergence of both formulations 1 and 2 is very good and the results coincide to within the fourth decimal place. Convergence of the results obtained in the cylindrical coordinates is noticeably slower, which possibly happens because of the immersed boundary description of the helical pipe wall. With the increase of torsion, the critical Reynolds numbers steeply decrease, so that at = 2.5 it becomes approximately 50 times smaller than that at = 0. Nevertheless, with the increase of , the convergence slows down, so that for ≥ 1 only two decimal places are converged. This shows that at large torsions computational modelling becomes more demanding: the convergence should be monitored and finer grids are needed to reach a necessary accuracy. Figure 6 shows comparison of the present stability results obtained for parameters of the recent experiments in the toroidal (Kühnen et al, 2014) and helical (Kühnen et al, 2015) pipes, and a recent stability study for toroidal pipes (Canton et al, 2016) . Calculations for the toroidal pipe were performed using both formulations 1 and 2, and an additional formulation for torus in the cylindrical coordinates. Calculations were carried out on the uniform grid of 400×400 finite volumes in the cylindrical coordinates, and on the 400×800 uniform finite grid in the Germano coordinates. Following representation of Kühnen et al (2014 Kühnen et al ( , 2015 , the critical parameters are plotted versus the radii ratio of the pipe and its centerline in Fig. 6 . For the toroidal pipe the radii ratio coincide with the dimensionless curvature . Values of the dimensionless curvature and torsion corresponding to the experimental points of Kühnen et al (2015) are shown in Fig. 6a as a table.
Stability of steady flows: comparison with experiment and independent computations
For ≥ 0.02, the critical Reynolds numbers for toroidal pipes obtained using all the three formulations coincide between themselves to within the second decimal place and agree well with the results of Canton et al (2016) . Since no convergence study was presented in the latter work, we cannot estimate accuracy of the results reported there. At very small curvatures (radii ratio), < 0.01, the results of Canton et al (2016) show a steep decrease of with the decrease of the curvature from approximately 0.017 to 0.01, and then a steep increase of with further decrease of the radii ratio (Fig. 6 ). As noted by Canton et al (2016) , this growth corresponds to the infinite in the straight pipe, which is the limiting case corresponding to → 0. In this work we did not repeat the calculation of the whole critical curve of the toroidal pipe, and only verified several critical points starting from the neutral curve minimum at = 0.01. The agreement between the critical frequencies calculated for the toroidal pipe is as good as for the critical Reynolds numbers (Fig. 6b) . Note that all the calculated frequencies are negative.
In this study the most unstable perturbations in critical points are assumed to behave as
. Thus, the negative means that the instability sets in as a travelling wave propagating upstream. Canton et al (2016) assumed that the perturbations behave as [ ( − )] and reported positive critical frequencies, thus arriving to the same conclusion.
Comparing with the experimental results of Kühnen et al (2014 Kühnen et al ( , 2015 , we observe that experimental critical Reynolds numbers are slightly larger than the computed ones. This can be expected since oscillations can be detected in an experiment only at some finite amplitude, while the numerical critical Reynolds number corresponds to the limit of zero amplitude. Note, that experiments in the helical pipe were carried out at different torsions, so that these experimental points do not belong to the same neutral curve. Nevertheless, at small torsions the critical Reynolds numbers of the helical pipe are quite close to those of the toroidal one, which is also the case for numerical results (Fig. 6a) . This is not observed, however, in the graph of critical frequencies (Fig. 6b) . For the helical and toroidal pipes they have comparable values, but exhibit qualitatively different dependencies on the radii ratio, which is common for the experimental and numerical results. At the same time the disagreement between the experimental and numerical values is noticeably larger than for the critical Reynolds numbers.
Comparison with earlier experiments that addressed onset of instability in helical pipes is not as good as the above recent studies of Kühnen et al. (2014 Kühnen et al. ( , 2015 . One of the earliest experiments on instability was conducted by White (1929) and Taylor (1929) . Much later this instability was studied experimentally by Sreenivasan & Strykowski (1983) , Webster & Humphrey (1993) and Yamamoto (1995) , and numerically by Yamamoto et al (1998) and Di Piazza & Ciofalo (2011) . White (1929 ), Taylor (1929 , Sreenivasan & Strykowski (1983) and Webster & Humphrey (1993) studied helical pipes with very small torsions with the torsion to curvature ratio < 0.06.
Our computations for parameters of these experiments were very close to the = 0 results obtained for the toroidal pipe (Fig. 6a) . & Humphrey (1993) , the observed critical Reynolds numbers are above 5000 and are noticeably larger than those calculated in the present study and in Canton et al (2016) for the toroidal pipe. We cannot judge the accuracy of the above experiments. At the same time, we note that critical Reynolds numbers in these experiments were defined as location of the first break at the dependence of the friction factor on the Reynolds number (White, 1929) , or just by visual observation of the flow (Taylor, 1929; Sreenivasan & Strykowski, 1983) . This can be much less precise than the direct pointwise LDV measurements carried out by Kühnen et al. (2014 Kühnen et al. ( , 2015 . Instabilities in helical pipes with a large torsion were studied experimentally in Yamamoto et al (1995) and numerically in Yamamoto et al (1998) . The measurements were carried out by a hot wire. The numerical study considered only s-independent perturbations, and reported intervals of the Reynolds number inside which the instability onset is expected. In spite of incomplete mathematical model, the authors succeeded to establish a qualitative agreement between their calculations and measurements. To compare with these experiments, we picked up several points from Fig. 9 of Yamamoto et al (1995) , denoted there as black triangles that indicated cases "where the signal showed a wavy but not irregular structure". The results are reported in Table 6 . The column corresponding to the above mentioned triangles is denoted as Y1995. The neighbor column corresponding to the experimental intervals between observed steady and unsteady flow states, taken form Fig. 7 of Yamamoto et al (1998) , is denoted as Y1998. We observe that the present critical Reynolds numbers are either inside the reported intervals, or below them. An interesting observation is that when the calculated fall inside the experimentally predicted interval, their values are very close to those indicated by the black triangles in Yamamoto et al (1995) . These two cases are shown in bold (Table 6 ). In all the other cases, the calculated critical Reynolds numbers are below the experimental intervals. It should be noted that smaller calculated critical Reynolds numbers were reported also in Yamamoto et al (1998) . Due to the present complete formulation, the present are even smaller than those reported in Yamamoto et al (1998) .
An example of critical curve
To illustrate an outcome of a parametric stability study we present an example in Fig. 7 , where we consider a helical pipe with the curvature = 0.05 and vary the torsion to curvature ratio from zero to 5. At the neutral curve ( ), shown in Fig. 7a , we observe decrease of the critical Reynolds number with the increasing torsion, reported also in Yamamoto et al (1995 Yamamoto et al ( , 1998 and above for a larger curvature. The inserts in Fig. 7a illustrate how the shape of the Dean vortices changes along the curve. The neutral curve, in fact, is the lower envelope of three different marginal curves belonging to three different eigenvectors of the linear stability problem. The latter is clearly seen in Fig. 7b where the critical circular frequency is shown together with the critical wavenumber as functions of . Each dependence ( ) and ( ) is represented by three separate curves belonging to the three eigenmodes. The intervals in which these curves are plotted correspond to the intervals of where these modes are dominant (most unstable). Within the linear stability model, these modes replace each other abruptly, but they may grow together and interact in the fully non-linear regime.
Inserts in Fig. 7b show patterns of the absolute value of perturbation of the velocity . As explained above, these patterns represent distribution of the oscillations amplitude in a slightly supercritical regime. At = 0, the Dean vortices of the base flow are antisymmetric, while the most unstable perturbation exhibits a symmetric pattern. Also, the real and imaginary parts of the perturbation (not shown here) are symmetric. Altogether, it means that the vortices oscillate in a counter phase, but with the same amplitudes. With the growth of , the upper counter clockwise rotating vortex becomes stronger and at ≈ 0.5 another eigenmode producing significantly stronger oscillations of the upper vortex becomes most unstable. The characteristic oscillations amplitude is shown by an insert for = 1 (Fig. 7b) . At > 1 the third eigenmode, which excites oscillations in the lower vortex, becomes most unstable. To show that the eigenmode exhibits similar amplitude patterns at different torsions, it is plotted for both = 3 and 4.
A complete stability study must include parametric studies over all relevant values of and with a more detail examination of physical reasons leading to instability. This would require a large amount of computational runs, as well as much additional graphics. This is beyond the scope of the present paper.
Concluding remarks
The primary goal of this study was to establish an accurate and robust computational model to study stability of steady flows in helical pipes. The computations were carried out using two different formulations with an additional third formulation applied for a toroidal pipe. As noted, the toroidal pipe is a limiting case of the helical one with vanishing torsion.
In the first part of this study we successfully compared steady states calculated by all three approaches with the experimental measurements of De Amicis et al (2014) and with the numerical results of Yamamoto et al. (1994) . We also presented convergence studies and some additional data for possible further comparisons.
The second part of the results relates to the linear instability of steady flows. Since there is much less independent data for a quantitative comparison, we paid much attention to the convergence of eigenvalues and critical parameters. Then we carried out computations for parameters of recent experimental studies of Kühnen et al. (2014 Kühnen et al. ( , 2015 and compared them with the published stability results for the toroidal pipe (Canton et al, 2016) . The comparisons with the independent calculations were good, while comparisons with the experiment showed a good agreement in the values of the critical Reynolds numbers, but only qualitative agreement in the values of the critical frequencies.
Attempts to compare with earlier experimental stability studies (White, 1929; Taylor, 1929; Sreenivasan & Strykowski, 1983; Webster & Humphrey, 1993) showed that their results are noticeably larger than those obtained here or measured in Kühnen et al. (2014 Kühnen et al. ( , 2015 for similar pipe curvatures. In all these experiments, the pipe torsions were too small to significantly affect the critical Reynolds numbers. Thus, the critical Reynolds numbers calculated for parameters of the above experiments appeared to be close to those reported in Kühnen et al. (2014 Kühnen et al. ( , 2015 .
The study of Yamamoto (1995) To illustrate complicacy of a complete parametric stability study yet to be done, we reported an example of the stability results for a single fixed value of the pipe curvature, = 0.05, and torsion to curvature ratio varied from zero to 5. These results show that depending on both geometric parameters, curvature and torsion, the instability is caused by different most unstable perturbations, which leads also to qualitatively different oscillatory flow regimes. Therefore, a thorough parametric study that considers all relevant ranges of the curvature and the torsion is needed, but is beyond the scope of the present study. However, already on the basis of current results we can confirm that the critical Reynolds number steeply decreases with the increase of torsion, which we observed for small ( = 0.05) and large ( = 0.4) curvatures. We have found also that in most of the cases considered, the travelling wave developing due to the primary instability propagates upstream.
Returning to the experimentally measured critical Reynolds numbers that appear to be significantly larger than the calculated ones (see, e.g., Table 6 ), we point on two possible reasons.
First, the instabilities studied here numerically are temporal. Instabilities in experimental setups, which necessarily have an entrance and an exit, develop spatially. The temporal instabilities obtained numerically set in as a wave traveling along the helical centerline. In most of the cases considered, and always at small torsions, the waves travel upstream. To make the experiment "close" to the temporal formulation, the pipe must be sufficiently long and the waves should not be suppressed at the entrance and the exit. This may not be the case in all the experiments. The For the "two-dimensional" flow depending only on the coordinates and , the momentum equation in an alternative form with the eliminated mixed second derivatives reads
The equations linearized near the steady state flow � ( , ), ( , ), ( , ), ( , )� that govern infinitely small disturbances � ( , ), ( , ), ( , ), ( , )� [ + ] are Yamamoto et al (1994) . Convergence using the two formulations and comparison with the results of Yamamoto et al (1994) . Uniform grid. Figure 1 . Sketch of a helical pipe (left, taken from Yamamoto, 1994) and illustration of helical coordinates introduced by Germano (1982) . Kühnen et al (2014 Kühnen et al ( , 2015 and numerical results of Canton et al (2016) .
